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Abstract
We derive a model for the finite motion of a magneto-elastic rod reinforced
with isotropic (spherical) or anisotropic (ellipsoidal) inclusions. The particles
are assumed weakly and uniformly magnetised, rigid and firmly embedded into
the elastomeric matrix. We deduce closed form expressions of the quasi-static
motion of the rod in terms of the external magnetic field and of the body forces.
The dependences of the motion on the shape of the inclusions, their orientation,
their anisotropic magnetic properties and the Young modulus of the matrix are
analysed and discussed. Two case studies are presented in which the rod is used
as an actuator suspended in a cantilever configuration. This work can foster
new applications in the field of soft-actuators.
Keywords: Magneto-rheological elastomers, magnetic rods, elastica, instabil-
ity, soft-actuators
1 Introduction
Magneto-Rheological Elastomers (MREs) are a class of functional materials
whose mechanical properties can be controlled upon the application of an ex-
ternal magnetic field by dispersing into a non-magnetic soft matrix, magnetic
hard particles. The use of magnetic field to achieve the actuation offers several
advantages over other type of actuation such as remote and contactless control
as well as the fact that it does not produce any polarization of the media nor
chemical alteration [34]. The magnetization of the reinforcing particles by the
applied field and the subsequent dipolar interactions give rise to an overall de-
formation that is amplified by the low elastic modulus of the matrix, usually
of the order of 10 MPa or less, and by the high susceptibility of the magnetic
particles. This effect is usually referred to as huge magnetostriction [30], but
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must not be confused with the magnetostriction of ferromagnetic crystals, as
the underlying physical mechanism is completely different1.
Several type of magnetic particles are nowadays commercially available in-
cluding ferromagnetic, paramagnetic or diamagnetic fillers [34]. Differences in
their atomic nature convey different macroscopic responses: ferromagnetic and
paramagnetic particles align parallel to the external magnetic field, whereas
diamagnetic particles align perpendicularly [39, 12]; such a different behaviour
has been exploited in a number of applications [46, 27, 29]. Ferromagnetic ma-
terials offer the further advantage of susceptibilities several order of magnitude
higher than those of paramagnetic or diamagnetic substances and this lowers
the magnetic field necessary to achieve the actuation of the samples. This is
one of the reasons that makes the ferromagnetic carbonyl iron powder one of
the most employed fillers in MREs [46, 45, 32, 13, 38].
Owing to such a large availability of filler types and shapes, MREs provide
a much larger design space compared to other type of soft actuators but yet
require models able to account for all these features. Upon final cure, the rigid
particles are locked in place into the elastomeric matrix, and the composite
possess a high degree of flexibility combined with tunable stiffness that makes it
capable of bearing large deformations. Moreover, if an external magnetic field
is applied during the elastomer cross-linking process, the induced magnetization
of the reinforcing particles makes them orient along the field lines in a chain-
like structure which in turn makes the cured composite transversally isotropic.
Therefore, proper models need to be formulated in the framework of large strain
transversally isotropic elasticity coupled with magneto-statics.
Some of the existing theoretical studies account for the micro-geometry of
the composite by evaluating the dipole interactions between adjacent particles
assembled in a chain-like structure [24] or randomly dispersed [7]. However,
strong kinematics assumptions, i.e., uniaxial deformation in the former, small
strains in the latter, are made to obtain closed form expressions of the stress in
terms of the magnetic quantities.
The continuum approach to magneto-elastic response of solids dates back to
the 50s with the pioneering work by Truesdell, Toupin and Tiersten (see [17]
and references therein). These works used a direct approach to formulate the
equilibrium equations based on the conservation laws of continuum mechanics.
Such an approach has the advantage to making possible the coupling between
magneto-elasticity with other evolutionary phenomena whose mathematical de-
scription is not of variational type [35, 36]. The same approach was applied by
Dorfmann and Ogden [16] to formulate the equilibrium equation of magneto-
elasticity at finite strains, and by DeSimone and Podio-Guidugli [15] for ferro-
magnetic solids. Another continuum approach is the one used by Tiersten and
Brown [9] (see also [30]), who deduced balance equations by minimizing the
potential energy in terms of both magnetic and mechanical quantities; in this
approach the equilibrium equations are obtained either as a global minimum or
1In ferromagnetic materials, magnetostriction is caused by the deformation of the crys-
tal lattice whereas in MREs the deformation can either be caused by the particle-particle
interactions or by the dipolar interactions with the external magnetic field.
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a saddle point of the functional depending upon the choice of the independent
magnetic variables (see [18] for a discussion about this point); the advantage of
this method is that it allows to use variational techiques such as Γ-convergence
to study physically-relevant asymptotic limits or contrained theories (see for
instance [14]. A judicious choice of the potential energy was used in [37, 22]
to study the microstructure evolution in transversally isotropic MREs (see also
[20]). Kankanala and Triantafyllidis [25] reconciliated the two approaches, direct
and variational, by showing that they yield the same governing equations and
boundary conditions if the proper independent magnetic variables are chosen.
A variational formulation was more recently used in [19] to derive a microme-
chanically informed continuum model of MREs that uses a isotropic network
model for polymers and extends it to the anisotropic magneto-elastic response.
A reduced order model for a MR membrane was introduced in [4] by exploiting
the variational approach and assuming uniform and weak magnetization of the
reinforcing spherical particles. These assumptions allowed the reduction of the
integro-differential equations of the general theory, mechanical equilibrium and
Maxwell’s equations, to a set of differential equations at each material point.
In the past twenty years, a number of experiments have been carried out on
MREs. Zr´ınyi and coworkers have produced and tested several type of magneto-
active materials including polymer gels [46, 42] and elastomers [43] highlighting
phenomena such as magnetostriction, microscopic instabilities [43] as well as
macroscopic instability [42]. Von Lockette et al. [45] produced a silicone elas-
tomer reinforced with spherical rigid and soft magnetic particles and studied the
bending behaviour of a specimen suspended between the platelets of an electro-
magnets. A similar configuration was exploited by Stanier et al. [41] to study
the behaviour of silicone rubber reinforced with nickel coated carbon fibres; dif-
ferent instability mechanisms were highlighted according to the direction of the
fibres. The magnetic properties of a MRE (PDMS with carbonyl iron parti-
cles) were measured in [13], where two peculiar properties were assessed. First,
the magnetisation response appears to be insensitive to the level of prestrain
at which the specimen was subjected to. Second, the magnetisation response
strongly depends on the relative orientation between the particle chains and the
external magnetic field.
Based upon these experimental works, we derive, in the consistent theoreti-
cal framework of 3D variational magneto-elasticity, the governing equations for
the finite motion of a magneto-elastic rod reinforced with isotropic (spherical)
or anisotropic (ellipsoidal) inclusions. We consider the magnetic moment in the
particles as totally induced by the field, hence as susceptible to changes in the
magnitude or orientation of the applied field [39]. This is, indeed, different than
the problem of permanently magnetized particles [40, 44] where the magneti-
zation of the particle is fixed in magnitude and direction, independent of the
applied field. In doing so, we consider the particles weakly and uniformly magne-
tised and therefore the potential energy of the system is additively decomposed
into a purely mechanical term plus a part accounting for the interaction be-
tween the deformation and the applied field. The particles are further assumed
rigid and firmly embedded into the elastomeric matrix, this in turns makes the
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demagnetization tensor dependent only on the current orientation of the parti-
cles and not on their stretch. It is further introduced an ad-hoc choice of the
susceptibility that accounts for both magnetically isotropic or anisotropic ma-
terials. These assumptions made possible to derive a closed form expression for
the quasi-static motion of the rod in terms of the external magnetic field and of
the body forces that act on the beam. This approach generalises the one used in
[28, 45, 29, 41], where only a uniform field is considered as well as incorporates
the one used in [48] to study the vibration of carbon-nanotubes embedded into
a non-uniform magnetic field. It is shown that under certain conditions on the
particle distribution and the applied field, the motion of the beam is governed
by the classical elastica equation with forcing terms controlled by the external
magnetic field.
The structure of the paper is as follows. In Section 2, we derive the effective
magneto-elastic energy of a dilute suspension of magnetic inclusions embedded
into an elastic matrix. This expression is used in Section 3 to derive the energy
of a rod of such a material by carrying out a formal dimensional reduction. The
applications of this theory to two peculiar case studies are discussed in Section
4.
2 The energy of an assembly of magnetic parti-
cles in a non-magnetic elastic matrix
In this section we adopt an energetic approach to derive the effective energy of
a composite elastic body obtained by dispersing ellipsoidal magnetic inclusions
into a soft, non-magnetic isotropic matrix, immersed in an applied magnetic
field.
To begin with, let us fix the notation. In what follows: f : Ω → Ωc ⊂
E 3 is the deformation of the body from its reference configuration Ω to the
current configuration Ωc, a subset of the Euclidean three-dimensional space
E 3; X is the typical point in the reference configuration whereas x is its image
under the deformation map; accordingly F := ∂f/∂X = ∇f is the deformation
gradient; a(X) is the local orientation of the inclusions at X (see Fig. 1) and Π
is the volume occupied by the inclusion in the current configuration. We denote
by div(·), grad(·) and curl(·) the divergence, gradient and curl operators with
respect to the current coordinates.
The applied magnetic field ha, namely, the field that would be measured in
the absence of the elastic body is the solution of the following static Maxwell’s
equations:
divha = 0 and curl ha = ja in E
3, (1)
ja being the imposed current density, which we assume to be unaffected by the
presence of the body.
Since the matrix is isotropic we assume that the strain energy of the compos-
ite has the form ψ̂el(X,F ) = ψel(F ,a(X)) where ψel is an isotropic function:
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ψel(FQ,Qa) = ψel(F ,a) for every orthogonal tensor Q. We further make the
hypothesis that the inclusions are:
(I) paramagnetic and the intensity of the field is below the threshold that
causes the saturation of the particle magnetisation;
(II) dilute, so that mutual magnetic interactions can be neglected.
(III) firmly embedded (cf. (24) below) in the non-magnetic soft matrix.
With the foregoing assumptions, we shall argue in this section that the
equilibrium configurations of the body are governed by the following effective
energy :
E(f) =
∫
Ω
ψ̂el
(
X,∇f)+ ψ̂int(f ,∇f ,a), (2)
where
ψ̂int(x,F ,a) = −χµ0
2
(âc(F ,a)·ha(x))2−χ̂µ0
2
|ha(x)|2 with âc(F ,a) = Fa|Fa|
(3)
is the interaction energy between the body and the applied field.
In (3), µ0 = 4pi × 10−7H ·m−1 (Henry/meter) is the magnetic permeability
of vacuum, whereas χ and χ̂ are suitable effective magnetic susceptibilities that
depend on the volume fraction ν of magnetic inclusions (which we assume con-
stant for simplicity), on the magnetic material comprising the inclusions, and
on their shape (cf. (26) ). The vector ac = âc(X,∇f(X)) is the orientation of
the inclusions in the material part that occupies the position x = f(X) in the
current configuration. Thus, the effective interaction energy has both positional
(since it depends on x) and orientational (since it depends on ac) character.
To justify the expression (3) for the interaction energy, we shall proceed in
three steps:
(a) we derive the magnetic energy (see (10) below) of a magnetic inclusion in
terms of the applied field, of the magnetisation state of the particle and
of the region Π currently occupied by inclusion;
(b) for Π = Π(ac) a prolate spheroid with major axis aligned with the unit
vector ac immersed in a uniform applied field ha(x) = ĥa, we shall min-
imize the magnetic energy with respect to the magnetisation, and hence
obtain an expression of the energy that depends only on |ĥa|, the intensity
of the applied field, and on the relative orientation between the applied
field and the current orientation ac (see (21) below);
(c) we formalize the assumption that the inclusions are firmly embedded in
the matrix by prescribing the dependence of the current orientation ac
of the inclusion in terms of its referential orientation a(X) and of the
deformation gradient F (X); then, we arrive at the expression (3) for the
interaction energy by a suitable volume averaging.
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2.1 A variational principle for a single particle
As a first step towards the construction of an averaged energy density, we focus
our attention on a single inclusion immersed in an applied field ha. We denote by
Π the three-dimensional domain occupied by the inclusion. The magnetisation
state of the inclusion is then specified by a magnetisation density m supported
on Π, that, in turn, generates a demagnetising field hs = hs{m}. Here we make
use of curly brackets to emphasise that the dependence of the demagnetising field
on m is non-local since hs is defined as the unique square–integrable solution
of the equations of magnetostatics
div(hs + 1Π[m]) = 0 in E
3,
curlhs = 0 in E
3,
(4)
where 1Π[m] denotes the trivial extension of the vector field m to the three–
dimensional space E 3:
1Π[m](x) =
{
m(x) if x ∈ Π,
0 otherwise.
(5)
We remark on passing out that 1Π[m] may have a jump at ∂Π and hence (4)
should be understood in the sense of distributions.
Under the assumption that the inclusion is paramagnetic, the magnetisation
density obeys the equilibrium equation:2
Υ(x)m(x) = h{m}(x), x ∈ Π, (6)
where Υ(x) is the inverse susceptibility tensor at x (a material property) and
h{m} = ha + hs{m} (7)
is the total magnetic field.
Solving the non–local equation (6) is equivalent to finding a stationary point
of the magnetic–energy functional :
m 7→ M(m; Π,ha) := µ0
∫
Π
{
1
2
Υm ·m− ha ·m
}
+
µ0
2
∫
E 3
|h{m}|2. (8)
The density under integral sign on the right-hand side of (8) is the sum of three
contributions: (i) the Helmholtz free energy density µ02 Υm ·m of the particle,
which accounts for the interaction between the magnetisation and the hosting
lattice; (ii) the Zeeman energy µ0ha ·m, which accounts for the interaction
between the magnetisation and the applied field; (iii) the magnetostatic energy
density µ02 |h{m}|2 of the magnetic field, whose support is the entire space,
which accounts for long–range magnetic interactions [23].
2This is in fact true even for a ferromagnetic material, provided that it is away from the
saturation magnetisation [1].
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At variance with the Helmholtz and Zeeman energies, the definition of the
magnetostatic energy involves an integral over the entire space. Yet, by using
(4), it is possible to derive an alternative expression of the magnetic energy
involving an integral extended only on the region Π occupied by the inclusion:∫
E 3
h · h =
∫
E 3
ha · ha +
∫
E 3
hs · hs + 2
∫
E 3
ha · hs. (9)
The first addendum on the right–hand side of (9) is independent of the state vari-
ables and hence can be omitted from the energy calculation; moreover, the third
addendum vanishes, being the integral over the entire space of the divergence-
free field ha and the irrotational field hs [23]. By making use of (4), again it is
possible to show [8] that the total magnetic energy can be written as
M(m; Π,ha) = µ0
∫
Π
(
1
2
Υm ·m−
(1
2
hs{m}+ ha
)
·m
)
. (10)
Now, assume that the inverse susceptibility tensor is uniformly positive definite,
that is, there exists positive constant υ such that Υ(x)w ·w > υ|w|2 for every
vector w and for every point x ∈ Π. Then the magnetic–energy functional
(10) is a convex and coercive functional over the space of square–integrable
magnetisation fields with support in Π. We can then apply the machinery
of the direct method of the calculus of variations to show, by exploiting the
coercivity and the quadratic structure of this functional, that there exists a
unique minimizer. This minimizer is then the unique solution of the Euler–
Lagrange equation (6) of the magnetic–energy functional.
2.2 The magnetic energy as function of its current orien-
tation
Although finding the solution of the equilibrium equation is a linear and well–
posed problem, the non-locality of the operator m 7→ hs{m} makes it difficult
to find a handy expression for that solution if the shape Π and the applied field
ha are arbitrary.
It is possible however, to obtain a reasonable estimate of the magnetic energy
of a single particle by making a few simplifications that appear to us to be
consistent with Assumptions (I)–(III) at the beginning of this section. Precisely:
- we let the magnetic inclusion be a prolate spheroid Π(ac) whose major we
identify with a unit vector ac:
Π = Π(ac), |ac| = 1; (11)
- consistent with the assumption that the applied field ha does not vary over
the mesoscopic scale, which is larger than the typical size of the inclusion, we
restrict attention to the case when the applied field is uniform:
ha(x) = ĥa, for all x ∈ E 3; (12)
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- we assume that the particle is homogeneous and that material and shape
symmetries coincide, that is to say, the inverse susceptibility tensor is constant
in Π(ac), and given by the following expression:
Υ̂(ac) = χ−1‖ a
c ⊗ ac + χ−1⊥ (I − ac ⊗ ac), (13)
where χ‖ > 0 and χ⊥ > 0 are the magnetic susceptibilities of the material.
At this stage, we find it convenient to render explicit the dependence of the
magnetic–energy functional on orientation ac of the inclusion, and, on taking
into account (11) and (12) we replace (10) with:
M(m;ac, ĥa) = µ0
2
∫
Π(ac)
(
Υ̂(ac)m ·m− hs{m} ·m
)
− µ0 ĥa ·
∫
Π(ac)
m.
(14)
It is a standard result from magnetostatic that if the magnetisation density is
constant on the ellipsoid Π(ac):
m(x) = m̂ for all x ∈ Π(ac), (15)
then the restriction of the demagnetizing field in the particle is constant as well,
that is,
hs{m}(x) = ĥs for all x ∈ Π(ac); (16)
in particular, the linearity of the operator m 7→ ha{m} entails that
ĥs = −N(ac)m̂, (17)
where
N(ac) = N‖ac ⊗ ac +N⊥(I − ac ⊗ ac) (18)
is a positive-definite demagnetizing tensor whose eigenvectors are collinear with
the major axes of Π(ac) [5]. Thus, for constant magnetisation fields having the
form (15) the non-local equilibrium equation reduces to an algebraic equation,
namely, (Υ(ac) +N(ac))m̂ = ĥa.
In view of the foregoing, we conclude that if (12) holds, then the unique
solution of (6) is the constant magnetisation field m(x) = m̂ with m̂ given by:
m̂ = M(ac)ĥa, where M(a
c) = (Υ(ac) +N(ac))−1. (19)
The representation formula (19) enables us to write the magnetic energy of a
particle in a uniform applied field ĥa as function of the orientation a
c only. This
quantity is defined as the minimum with respect to m of the magnetic-energy
functional
M˜(ĥa,ac) := min
m
M(m;ac, ĥa). (20)
Since the minimizer on the right-hand side of (20) is constant, we conclude that
M˜(ĥa,ac) = −vol(Π)µ0
2
(N(ac) + Υ(ac))−1ĥa · ĥa, (21)
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where vol(Π) is the volume of the inclusion Π(ac). By making use of (13) and
(18), we can write
M˜(ĥa,ac) = −vol(Π)µ0
2
χ (ac · ĥa)2 − vol(Π)µ0
2
χ˜|ĥa|2, (22)
where
χ = (χ−1‖ +N‖)
−1 − (χ−1⊥ +N⊥)−1, χ˜ = (χ−1⊥ +N⊥)−1. (23)
This result gives us the dependence of the magnetic energy of a single particle as
a function of its current orientation ac. Our next step is to derive an expression
for the effective energy of a dilute assembly of rigid, identical magnetic particles
firmly embedded in an elastic body.
Remark 1 The expressions of χ and χ˜ in (22) can account for both the mag-
netic anisotropy and the shape anisotropy of the particle. However, the origin
of these two effects are remarkably different: shape anisotropy is caused by
the geometry of the particle whereas magnetic anisotropy can be traced back
to chemical bonds [26, 1]; for example, diamagnetic susceptibilities of the C–C
bond are smaller in the direction of the bond (χ‖) than that normal to the bond
(χ⊥), i.e., χ‖ < χ⊥ < 0, that is, the anisotropic diamagnetic susceptibility
defined by χa = χ‖ − χ⊥ is negative.
Remark 2 In the presence of two or more particles, the expression (17)–(16)
for the demagnetizing field should be changed to take into account the demag-
netizing field generated by the magnetisation distribution outside that particle,
as done in [7] in the framework of linear elasticity. The same procedure cannot
be directly generalised to the case of finite deformations. However, for d the
diameter of a particle, and for D the typical inter-particle distance, the inten-
sity of this contribution is of the order of (d/D)3, which is exactly of the same
order of magnitude of the volume fraction of magnetic particles. Accordingly,
we argue that if the magnetic particles are sufficiently dilute, the mutual inter-
action between particles can be safely neglected. This is indeed a first order
approximation in the volume fraction as shown in[7].
Remark 3 Although the presence of the body alters the total magnetic field
(cf. (7)), the procedure we have used to derive the interaction energy does not
require the explicit calculation of the demagnetising field.
2.3 The effective interaction energy
To justify our spatial averaging procedure, we make the hypothesis that it is
possible to identify a mesoscale ` over which statistical quantities, such as vol-
ume fraction, are well defined [33]. We assume that over this scale all particles
appear as having constant orientation a and the variation of the magnetic field
can be neglected at this scale (see Fig. 1). This assumption allows us to de-
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ha Ωc
xX
Ω
f
`m
`
` `m  `M
a ac
Figure 1: Different homogenisation scales for a magneto-elastic composite rein-
forced with ellipsoidal inclusions: macroscale `M , i.e., `M =
∫
Ω dΩ, mesoscale
`m, and characteristic length of the inclusions `. The variation of the field ha is
assumed negligible at the mesoscale `m. The unit vector a(X) and a
c(x) are
the common orientations of the inclusions in a mesoscopic neighbourhood of X
and x, respectively.
fine the local orientation a(X) and the local volume fraction ν as fields in the
reference configuration.
In view of our assumption (i), the current orientation ac of an inclusion
belonging to a mescopic neighbourhood of X is (cf. (3)2):
ac =
F (X)a(X)
|F (X)a(X)| . (24)
We now argue that the interaction energy per unit referential volume at a typical
point X in the reference configuration is
ψint(X) =
ν
vol(Π)
M˜
(
ha(f(X)), â
c(X,F (X))
)
, (25)
namely, the product between the referential particle density ν/vol(Π) and the
magnetostatic energy of a single particle, with the latter given by (21) with
ĥa = ha(f(X)) and a
c given by (24). The total magnetic energy is obtained
by integrating the density ψint over Ω; on defining
χ = νχ, and χ̂ = νχ˜, (26)
and on considering the contribution of the elastic energy of the matrix ψel, we
arrive at (2).
3 A one-dimensional model for planar rods
In this section we consider a thin strip Ω(ε) of length `, width w and thickness
t(ε) = εt, where ε is a small dimensionless parameter. To describe the defor-
mation of the strip, we introduce a coordinate system (X1, X2, X3) as shown in
Fig. 2, and we let {c1, c2, c3} be the associated orthonormal basis. We assume
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X1
X2
X3
c1
c2
c3
`
w
t(ε)
Figure 2: Geometric properties of the thin strip studied in Sect. 3; ` is the
length, w the width and t(ε) = εt the thickness.
that the vector a delivering the orientation of the inclusions depends only on
X1 and is contained in the plane spanned by c1 and c2. We therefore write:
a = a(X1), a · c3 = 0. (27)
We restrict attention to deformations on the plane spanned by c1 and c2.
Consistent with the assumption of small thickness, we write the deformation as
f(X1, X2) = r(X1) +X2d(X1). (28)
The vectors r(X1) and d(X1) represent, respectively, the position and the ori-
entation of the typical cross section X1 ∈ (0, `). We rule out axial extension
and shear by requiring that
|r′| = 1, d = c3 × r′ (29)
where a prime denotes differentiation with respect to the coordinate X1.
On observing that that d′ = −κr′, with κ := r′′ · d is the curvature of the
axis, it is not difficult to see that the deformation gradient is
F (X1, X2) = (1− κX2)r′ ⊗ c1 + d⊗ c2 + c3 ⊗ c3. (30)
Since {r′, d, c3} is a positively–oriented orthogonal basis, we have that
F = RU with R = r′⊗c1+d⊗c2+c3⊗c3 and U = I−κX2c1⊗c1
(31)
is the polar decomposition of the deformation gradient, so that, thanks to the
frame indifference of the elastic energy,∫
Ω(ε)
ψ̂el(F ,a) =
∫
Ω(ε)
ψ̂el(U ,a) = w
∫ `
0
∫ +εt/2
−εt/2
ψ̂el(I−κ(X1)X2c1⊗c1,a(X1))dX2dX1.
(32)
Without loss of generality, we assume that ψ̂el(I,a) = 0 and that the reference
configuration is stress–free, so that ∂F ψ̂el(I,a) = 0.
Performing a Taylor expansion of the integrand with respect to X2 we obtain
ψ̂el(I − κX2c1 ⊗ c1,a) = κ
2
2
∂2FF ψ̂el(I,a)[c1 ⊗ c1] · (c1 ⊗ c1)X22 + o(X22 ). (33)
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Since |X2| < εh/2, we have o(X22 ) = o(ε2). Thus, on letting
E˜(a) = ∂2FF ψ̂el(I,a)[c1 ⊗ c1] · c1 ⊗ c1, (34)
and on substituting (33) into (32) and on integrating with respect to X2 we
arrive at∫
Ω(ε)
ψ̂el(F ,a) =
ε3
2
∫ `
0
E˜(a)Iκ2dX1 + o(ε
3), with I =
wt3
12
, (35)
which is formally identical to the bending energy of a non-homogeneous planar
rod [2].
Next, we turn our attention to the interaction energy. We assume that the
magnetic field depends on ε, and that it scales as
h(ε)a = εha. (36)
It is immediately seen that (36) guarantees that bending and interaction energies
scale with the same power of ε. Substituting (31) and (36) into (3) we obtain
ψ̂int(x,F ,a) =− ε2µ0
2
χ
(
Ra · ha(x)− κX2(c1 · a)
(
Rc1 · ha(x)
))2
|I − κX2(a · c1)|2 + χ̂ |ha(x)|
2

= −ε2µ0
2
{
χ (Ra · ha(x))2 + χ̂ |ha(x)|2
}
+ o(ε2). (37)
Moreover, by (36) we have
h(ε)a (x) = εha(f(X)) = εha(r(X1)) +O(X2), (38)
and hence, indeed,∫
Ω(ε)
ψ̂int(f ,F ,a)dX = −ε
3
2
∫ `
0
µ0A
{
χ
(
Ra · ha(r(X1))
)2
+ χ̂ |ha(r(X1))|2
}
dX1 + o(ε
3),
(39)
with A = wt. By observing that Ra = (a · c1)r′ + (a · c2)c3 × r′, and scaling
back the result by letting ε = 1, we obtain the following 1D energy:
E1d(r) =
∫ `
0
ψ̂1del (|r′′|,a) + ψ̂1dint(r, r′,a) dX1, (40)
where
ψ̂1del (κ,a) =
1
2
E˜(a)Iκ2, (41)
ψ̂1dint(x, r
′,a) = −µ0A
2
(
χ(a˜c(r
′,a) · ha(x))2 + χ̂µ0
2
|ha(x)|2
)
, (42)
are the elastic and the interaction energy of the rod, respectively, with
a˜c(r
′,a) = (a · c1)r′ + (a · c2)c3 × r′. (43)
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It is seen that, apart from the standard elastic contribution, the interaction
energy in (42) depends on the mutual orientation of the fibres on the center-
line of the rod and the applied field ha; in this respect, the only part of the
deformation gradient that matters is the rotation R. It is further seen that, for
uniform fields, the latter term in the energy is an additive constant that can be
neglected.
When the fibers are aligned with the axis X1, the density of magnetic energy
is proportional to (ha · r′)2. This is in accordance with the model proposed in
[11]. More recently, a model of magneto-elastic rods undergoing buckling has
been proposed in [21]. Unlike ours, these theories are direct and not deduced
from the parent three-dimensional one. In order to derive the governing equa-
tions, the authors assume that the local magnetisation depends only on the local
orientation of the rod with respect to the applied field. Moreover, it is postu-
lated that the magnetisation orients along the rod axis (if not strictly orthogonal
to the field), its longitudinal component is constant and fully determined by the
maximum value achieved in the part of the rod that is mostly aligned with the
applied field, e.g., the free tip of the cantilever rod.
4 Case studies
As an application of the theory developed in previous sections, we derive and
solve the governing equation of the cantilever shown in Fig. 3. The rod, subject
to a dead vertical load at its free end, is immersed in a uniform magnetic field
ha = H cosϕ c1 +H sinϕ c2, H > 0. (44)
This setup may be regarded as describing a prototype of a robotic arm, which
might be used to move the applied load by modulating the applied field.
0 `
X1
X2 ha
P
ϕ
Figure 3: A soft robotic arm in its reference configuration. Dark arrows repre-
sent the fibre orientation, i.e., the vector field a, whereas the light blue arrows
are indicative of the applied field ha which forms an angle ϕ with the X1-axis.
We introduce the dimensionless quantities
s = X1/` ∈ (0, 1), r˜(s) = r(` s)/`,
that represent the arch-length coordinate and the parametric curve that de-
scribes the axis of the rod in its typical configuration, respectively. Since the
rod is inextensible, we can adopt the following representation
r˜′(s) = cosϑ(s)c1 + sinϑ(s)c2 (45)
A nonlinear theory for fibre-reinforced magneto-elastic rods 14
for the derivative of the curve at the typical point s, and we can express the
curve in question as
r˜(s) = (1 + u(s))c1 + v(s)c2, (46)
with
u(s) =
∫ s
0
(cosϑ(s¯)− 1)ds¯ and v(s) =
∫ s
0
sinϑ(s¯)ds¯, (47)
respectively, the horizontal and the vertical dimensionless displacement.
In the following, we assume that in the reference configuration the mag-
netic inclusions are parallel to the X1 axis; thus, we set a = c1. We use (40)
to evaluate the contribution to the total energy coming from the interaction
between the body and the applied field. In doing so, we observe that since
the magnetic field is uniform, the second term on the right–hand side of (42),
which is purely positional, can be disposed of. We also notice that, by (45)
we have |r˜′′|2 = |ϑ′|2, and that, by (43), the current inclusion orientation is
ac(s) = a˜c(r˜′(s), c1) = r˜′(s). Accordingly, the 1D energy defined in (40), when
expressed in terms of the angle ϑ, takes the form
Ê1d(ϑ) = 1
2
∫ 1
0
{
EI
`
|ϑ′|2 − µ0 χA `H2(cos(ϑ− ϕ))2
}
ds (48)
where E = E˜(c1) is the effective Young modulus.
Now, the total energy governing equilibria of the cantilever is
Êtot(ϑ) = Ê1d(ϑ) + Êl(ϑ)
where
Êl(ϑ) = −Pv(1) = −P
∫ 1
0
sinϑ(s)ds
is the potential energy of the applied load.
On introducing the dimensionless parameters
h2 = µ0 χH
2A`
2
EI
, p =
P`2
EI
, (49)
we can write Êtot(ϑ) = EI
2`
Ê(ϑ), with
Ê(ϑ) = 1
2
∫ 1
0
(
(ϑ′(s))2 − h2(cos(ϑ(s)− ϕ))2)ds− ∫ 1
0
p sinϑ(s) ds. (50)
We seek configurations s 7→ ϑ(s) that render the total energy Ê stationary.
Provided that it is twice–continuously differentiable, each such configuration is
a solution of the following boundary–value problem:
ϑ′′(s)− h2 sin(2ϑ(s) + 2ϕ) + p cos(ϑ(s)) = 0 for all s ∈ (0, 1),
ϑ(0) = 0,
ϑ′(1) = 0.
(51)
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In the rest of this section, we restrict our attention to two cases particularly
relevant, the second case having been considered, in a different format, in [41]
where experiments have also been conducted.
Case 1. Field aligned with the X1-axis (ϕ = 0)
The solution of the boundary value problem (51) is recovered in closed form
only for the two extreme cases, in the absence of the field, i.e., h = 0, or
in the absence of the load p = 0; all intermediate cases must be dealt with
numerically. However, a great deal of insight on the underlying mechanics can
still be gained by studying separately two regimes, one when the applied load
is low, or equivalently the stiffness of the rod is high, i.e., p  1 regardless of
h, the other one when the applied field is small compared to the load, namely
ξ = h2/p 1. We will refer to the former case as low load regime, to the latter
as low field regime.
4.1 Low load regime
We firstly examine the case of a low applied load p  1, which suggests the
following first order perturbation of the solution
ϑ(s) = ϑ0(s) + p ϑ1(s) + o(δ), (52)
which, when substituted into (51), leads to the boundary-value problem:
ϑ′′0 + p ϑ
′′
1 − h (sin(2ϑ0) + 2 p ϑ1 cos(2ϑ0)) + p cos(ϑ0) + o(p) = 0,
ϑ0(0) + p ϑ1(0) + o(p) = 0,
ϑ′0(1) + p ϑ
′
1(1) + o(p) = 0,
(53)
where for the sake of conciseness, the dependence on s has been left tacit.
By equating the coefficients at the same order, a cascade of boundary-value
problems is obtained, whose first two are
0-th order in p ϑ′′0 − h2 sin(2ϑ0) = 0, ϑ0(0) = ϑ′0(1) = 0 (54a)
1-st order in p ϑ′′1 − 2h2 cos(2ϑ0)ϑ1 = − cos(ϑ0), ϑ1(0) = ϑ′1(1) = 0.
(54b)
We observe that (54a) coincides with the boundary-value problem governing
the equilibrium of a clamped elastica subject to a traction load at its free end,
provided that the rotation is identified with 2ϑ0; accordingly, (54a) admits only
the trivial solution ϑ0(s) = 0. On taking this observation into account, we
deduce from (54b) that ϑ1 solves:
ϑ′′1 − 2h2 ϑ1 + 1 = 0, (55)
whose solution can be easily determined as
ϑ1(s) =
1
2h2
(
1− cosh
(√
2h(s− 1))
cosh
√
2h
)
. (56)
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Using this result, it is possible to evaluate the influence of the applied mag-
netic field on the effective stiffness of the rod. We define this quantity as follows:
s(h) :=
( ∂
∂p
v1(p, h)
∣∣∣∣
p=0
)−1
, (57)
where v1(p, h) is the vertical displacement of the free end. On recalling (47), we
can compute v1 up to the first order in p as
v1 =
∫ 1
0
sin(p ϑ1(s))ds ' p
∫ 1
0
ϑ1(s)ds =
p
h2
(
1
2
−
√
2
4h
tanh(
√
2h)
)
, (58)
that gives the following expression of the effective stiffness
s(h) =
4h3
2h−√2 tanh(√2h) . (59)
Equation (59) gives us a figure of merit of the rod, thought as an actuator,
and can also be used to calibrate the model with experimental data (see the
discussion at the end of this paper and in particular the caption of Fig.(8)). On
passing, we note that s is a monotonically increasing function whose infimum is
recovered when h → 0. In this limit s → 3, that is exactly the (renormalised)
stiffness of a cantilever subject to a small vertical load applied at the tip.
4.2 Low field regime
By defining the smallness parameters ξ = h2/p  1, the solution of (51) can
be expanded as a power series in ξ. With a slight abuse of notation, we write
ϑ(s) = ϑ0(s) + ξ ϑ1(s) + o(ξ).
3 Correspondingly, the following boundary-value
problem is
ϑ′′0 + ξ ϑ
′′
1 − p ξ (sin(2ϑ0) + 2 ξ ϑ1 cos(2ϑ0)) + p (cos(ϑ0)− ξ ϑ1 sin(ϑ0)) + o(ξ) = 0,
ϑ0(0) + ξ ϑ1(0) + o(ξ) = 0,
ϑ′0(1) + ξ ϑ
′
1(1) + o(ξ) = 0.
(60)
By equating the coefficients at the same order, the following problems are de-
rived
0-th order in ξ ϑ′′0 + p cos(ϑ0) = 0, ϑ0(0) = ϑ
′
0(1) = 0, (61)
1-st order in ξ ϑ′′1 − p sin(ϑ0)ϑ1 = p sin(ϑ0), ϑ1(0) = ϑ′1(1) = 0 . (62)
In solving (61)-(62), we firstly note that the 0-th order problem (61) is the
same as that governing the large deflection of a cantilever with a vertical load
at its free end. This problem was considered, for instance, in [47, 31, 3]. Indeed,
3Due to the different perturbation parameter used in (53) and (60), the symbols ϑ0 and
ϑ1 in subsections 4.1 and 4.2 denote different fields.
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qualitative properties of the 0-th order solutions can be derived from a phase–
plane analysis, by recasting the problem (61) into a system of two autonomous
first–order differential equations written as:{
ϑ′0 = κ0,
κ′0 = −p cosϑ0,
(63)
where κ0 = ϑ
′
0 is the curvature. Among the solutions of (63), boundary condi-
tions select those which originate on the vertical axis (ϑ0(0) = 0) and terminate
on the horizontal axis (ϑ′0(1) = 0). The solution is unique for p < p
(1)
crit ' 10.33;
for p ≥ p(1)crit multiple solutions can be found. In particular, the critical points
of the phase plane portrait are located on the horizontal axis and can be either
centres or saddle points: centres comprise the set {(βk, 0) : βk = −pi/2 + kpi},
whereas saddle points the set {(βk, 0) : βk = pi/2 + kpi}. It is also easy to check
that the quantity f(κ0, ϑ0) = κ
2
0/2 + p sinϑ0 is constant along each integral
curves. Accordingly, along every such curve, we have:
κ20(s)
2
+ p sinϑ0(s) = p sinβ =
γ2
2
, where β = ϑ0(1) and γ = κ0(0).
(64)
Figure 4 shows the phase diagram and four representative solutions of (61),
and the corresponding shapes, for p higher than the second critical load p
(2)
crit '
50.97.4
κ0
ϑ0
m = 1 m = 2
m = 3 m = 4
pi
2
− 3
2
pi
m = 1
m = 2
m = 3
m = 4
Figure 4: Phase diagram of (61) for p = 55 (> p
(2)
crit) with four representative
solutions and the corresponding mode shapes highlighted.
The above-mentioned multiplicity of solutions is further illustrated in Fig. 5
where the load p is plotted against the angle β0 = ϑ0(1): when p < p
(1)
crit = 10.33
only one equilibrium solution of (61) exists and is represented by the blue
4For p > p
(2)
crit Eq. (61) has indeed five solutions but the fifth is not shown in Fig. 4 because
either its phase portrait and the shape are similar to the case m = 4.
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branch, i.e., the first deformation mode, point A (mode m=1 in Fig. 4); when
p > p
(1)
crit, at least other two solutions are found corresponding to points B and
C (m = 2 and m = 3 in Fig. 4). We note that the transition between the
orange and green branches occurs at β0 = −pi and x(1) = 0, characterised by
null bending moment at the clamp. The set of solutions for −3pi/2 < β0 < −pi,
β0
p
ABC
p
(1)
crit
' 10.33
β
(1)
crit
−pi− 3
2
pi 0 1
2
pi
p¯
Figure 5: Bifurcation diagram for the 0-th order equation (61) for p against β0 =
ϑ0(1). The first bifurcation occurs when p = p
(1)
crit ' 10.33; further bifurcations
are possible at higher loadings but are not shown in the graph. The dashed
branch represents unstable equilibria.
represented by dashed branch in Fig.5, are unstable equilibria [31] and, conse-
quently, cannot be obtained experimentally. On the other hand, the continuous
branches are all stable equilibria, although those corresponding to negative β0,
i.e., the orange branch, are at a higher energy content and could be more difficult
to attain.
Once the solution of the zero-th order equation ϑ0 is obtained, the 1-st
order equation (62) can be solved numerically. When p < p
(1)
crit, the solution
Eq. (61) is unique and so is the solution of (62). In fact, the weak version of
the homogeneous equation associated to (62) is
A[ϑ1(s), ϕ(s)] :=
∫ 1
0
(ϑ′1(s)ϕ
′(s)+γ(s)ϑ1(s)ϕ(s))ds = 0, γ(s) := p sinϑ0(s),
(65)
where ϕ(s) ∈ C∞0 ([0, 1]). The bilinear form A[ϑ1(s), ϕ(s)] is continuous and,
moreover,
A[ϑ1(s), ϑ1(s)] =
∫ 1
0
(
(ϑ′1(s))
2 + γϑ1(s)
2)
)
ds ≥ C‖ϑ1(s)‖H1([0,1]), (66)
which implies A[ϑ1(s), ϕ(s)] to be coercive; thence, by the Lax-Milgram theo-
rem, the solution of (62) is unique.
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Case 2. Field aligned with the X2-axis (ϕ = pi/2)
When the field is perpendicular to the fibres and no force is applied (ϕ = pi/2
and p = 0), the boundary-value problem (51) reduces to
ϑ′′ + h2 sin(2ϑ) = 0, ϑ(0) = ϑ′(1) = 0. (67)
On observing that (67) can be recast into the equation governing the equilibrium
of a clamped elastica subject to a compressive load, it is immediately seen that
uniqueness of the solution cannot be expected [6]. In this sense, the external
magnetic field has a destabilising effect.
Once again, the qualitative properties of the solutions are better understood
by examining the phase portrait of the system{
ϑ′ = κ,
κ′ = −h2 sin(2ϑ), (68)
which is shown in Fig. 6 (a); it is noted that the symmetry in the phase portrait is
due to the invariance of the solutions of (68) with respect to the transformation
ϑ˜ = −ϑ. Again, admissible solutions are those which originate on the vertical
axis (ϑ(0) = 0) and terminate on the horizontal axis (ϑ′(1) = 0).
Equation (67) can be integrated once to obtain
|ϑ′|2 = h2 (cos(2ϑ)− cos(2β)) , β = ϑ(1). (69)
which can be solved by separation of variables. A further integration of the
solution between 0 and 1 yields an implicit relation between β and h; for a
given β, this relation is satisfied for
h =
2m− 1√
2
ek(sin(β)), m ∈ {1, 2, ...}, (70)
where ek(·) is the complete elliptic integral of the first kind, i.e., ek(q) :=∫ pi/2
0
[
1− q2 sin2(φ)]−1/2 dφ [10]. The value of the index m identifies a branch
in the bifurcation diagram in Fig. 6 (b). The bifurcation point of the m-th
branch has coordinates (0, h
(m)
crit ), where the critical field h
(m)
crit =
pi
2
√
2
(2m − 1)
is computed by letting β → 0 in (70). If h is below the first critical field
h
(1)
crit = pi/(2
√
2) the equation admits only the solution ϑ(s) = 0, i.e., the rod
remains straight in its undeformed configuration.
Each branch corresponds to a class of solution curves on the phase plane. In
particular, Fig. 6 (a) shows the trajectories corresponding to the three shapes
A, B, and C in Fig. 6 (b). It is worth noticing that the index m of a branch
coincides with the number of times that the solution curves associated to that
branch intersect the horizontal axis.
Integration of (69) between 0 and 2ϑ(s), 0 < ϑ(s) < pi/2, gives the function
ϑ(s) for the first mode shape, i.e.,
ϑ(s) = arcsin
(
sin(β) sn(s
√
2h, sin2(β))
)
(71)
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Figure 6: (a) Phase diagram of (68) in the plane κ = ϑ′ and ϑ, for h(3)crit <
h < h
(4)
crit with the first three solution trajectories highlighted. (b) Bifurcation
diagram of Problem (67) showing the first three modes and the corresponding
shapes for h
(3)
crit < h < h
(4)
crit. All branches have a common vertical asymptote
for β → pi/2. The dashed branches represent unstable equilibria.
which is expressed in terms of the Jacobi elliptic function sn(·) [10]. By using
(47), the horizontal u1 and vertical v1 displacement of the free end (s = 1) are
obtained by
u1 =
pi
2 ek(sin2(β))
− 1 (72)
v1 =
1
ek(sin2(β))
log
( | cos(β)|
1− sin(β)
)
. (73)
Discussion
The possibility of using the MRE rod in the configuration shown in Fig. 3 as an
actuator strongly relies on the capability of controlling its shape by modulating
the applied field. As such, the appearance of multiple equilibrium configura-
tions could be detrimental unless the transition among them can be accurately
controlled or avoided. In this regard, the stability of the actuator with ϕ = 0
is studied in Fig. 7 by looking at the number of solutions in the p, h plane: the
green area represents the region in which (51) has only one solution, three solu-
tions are found in the orange region, whereas five solutions exist in the yellow
region. The continuous curves bounding the different regions are the critical
loads, that is the loads at which new solutions of (51) appear. It is noted that
in the range h2 ∈ [0, 20], the values of p(1)crit decreases from p(1)crit ' 10.33, i.e.,
is the critical load in the absence of the field, to p
(5)
crit ' 5 for h2 = 20. Such
a behaviour highlights the destabilising effect that the applied field has on the
equilibrium of the rod: by increasing the field, the second deformation mode
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appears at lower loadings; this in turn suggests that, upon the proper control
of the applied field, the transition between the second to the first mode shape
can be used to realise a magnetic catapult [3].
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Figure 7: Phase diagram showing the multiplicity of solutions, corresponding
to different colors: for p < p
(1)
crit (green region) (51) has only one solution, for
p
(1)
crit < p < p
(1)
crit (orange region) three solutions, for p > p
(3)
crit at least five
solutions exist. The corresponding shape of the rod are drawn in the insets.
Remarkably, we observe a decrease of the the critical loads p
(1)
crit and p
(2)
crit of (51)
with ϕ = 0 for an increasing magnetic field in the range h2 ∈ [0, 20].
On the other hand, if one wanted to use the actuator to lift a weight attached
to its tip or move the surrounding fluid in a flap-like configuration, a quasi-static
motion with the first mode shape of the configuration with ϕ = 0 (Case 1 in
previous paragraphs) would be the most effective as it would maximise, for given
load and field, the displacement of the free end and at the same time would allow
to continuously control the displacement of the tip by modulating the applied
field. As a matter of fact, a figure of merit of an actuator is its rigidity in the
operative range. For the first mode shape, when the load is low, Eq. (59) gives
the first order approximation of the rigidity. In the low field regime, the stiffness
can be evaluated numerically by solving Eq. (62) with ϑ0 being the first mode
shape; for larger fields, the numerical solution of (51) can be used. The results
of the calculation are plotted for P = pEI/`2 against V1 = `v1 in Fig. 8 for an
actuator with length ` = 27.5 mm, thickness t = 3 mm, width w = 7 mm, E =
2.25 MPa and χ = 1.32×10−4, which are the geometric and material properties
of the actuator tested in [41] made of PDMS reinforced with 6% vol nickel coated
carbon fibres. The dashed lines represents the first order approximation given
by Eq. (59), the dotted line is the solution for h = 0 reported in [31], whereas
the continuous lines are obtained by numerically solving (51). By modulating
the applied field in the range H ∈ [0, 5] kA/m, the rigidity of the actuator
can be changed by two order of magnitude from 4.4 × 10−2N/m to 1.2 N/m;
it is noted that a field value of 10 kA/m can be easily generated by a small
neodymium magnet and its below the saturation threshold of the magnetisation
of the fibres[41], thus the linear magnetic assumption still applies.
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Figure 8: Load, P , against tip vertical displacement, V1, for the configuration
corresponding to mode 1 in Fig. 4. The actuator properties are taken from
[41]. The external magnetic field H ∈ [0, 5] kA/m produces a variation of the
actuator rigidity from sl = 4.4 × 10−2 N/m to sh = 1.2 N/m. The dashed
lines represent the first order approximation (59), whereas the dotted line is the
solution for h = 0 in [31].
The nonlinear model of the rod with ϕ = pi/2 and p = 0 (Case 2 in previous
paragraphs) is compared to the experimental data from [41] in Fig. 9 in terms of
the angle at the free end β and the applied field h. The experimental data shows
a sudden increase in the angle in correspondence of a critical value of the field
h
(1)
crit ' 1.11. For such a value, the undeformed configuration of the rod ϑ(s) = 0,
i.e., the trivial solution of (67), becomes unstable and the system releases energy
by jumping to the deformed configuration, which, in this case, has the shape
of the first mode (insets A, B and C of the figure). This behaviour is due to
the interplaying between the elastic bending energy and the magnetic energy
in Eq. (50): by increasing the applied field, the magnetic energy of the system
increases and due to the minus sign in (50), the undeformed configuration passes
from being a minimum of the energy to a maximum, thus the critical transition
observed in the figure occurs. The nonlinear model introduced is able to describe
this transition as well as the shape of the rod in the post-critical regime.
5 Conclusions and Perspectives
The dispersion of hard magnetic inclusions into a soft matrix is a simple tech-
nique to produce soft, remotely controlled actuators that can bear large defor-
mations.
In general, the study of such structures requires the simultaneous solution
of the equations governing the elastic equilibrium and the Maxwell’s equations.
However, we have shown that for ellipsoidal and weakly magnetised inclusions
dilutely dispersed into an elastic matrix, the equilibrium of the system is gov-
erned by a reduced energy functional that depends only on the deformation and
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Figure 9: Applied field h against the angle at the free end β for the experimental
data reported in [41] and the corresponding fitting. The insets show the shape
of the actuator for the three different configurations marked as A (h = 0.12), B
(h = 1.13) and C (h = 1.30) in the graph. The dashed green lines indicate the
direction of the homogeneous magnetic field generated in the experiment by an
electromagnet.
in which the magnetic field acts as a source.
Starting from this result, we have derived the governing equations for the
quasi-static motion of a rod-like actuator. The model can account for large
rotations/displacement of the rod, for the magnetic and shape anisotropy of the
inclusions and for homogeneous and non-homogeneous external magnetic fields.
As such, it is a generalisation of earlier works [29, 21, 41].
Two examples have been studied with the actuator suspended in a cantilever
configuration. In both cases, under the proper hypothesis, the governing equa-
tions have been partially solved in closed form and this has allowed the explicit
computations of the shape of the actuator under the different regimes as well
as of the critical values of the loads and the magnetic field. Different kind of
instabilities were highlighted which can be hindered to exploit novel actuator
configurations.
The proposed nonlinear model can be extended by accounting for inertial
terms that would allow the study large vibrations of slender structures embedded
into a magnetic field with applications ranging from MEMS devices to carbon
nanotubes.
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